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871. 


A CASE OF COMPLEX MULTIPLICATION WITH IMAGINARY 
MODULUS ARISING OUT OF THE CUBIC TRANSFORMATION 
IN ELLIPTIC FUNCTIONS. 


[From the Proceedings of the London Mathematical Society, vol. X1x. (1888), pp. 300, 301.] 


THE case in question is referred to in my “Note on the Theory of Elliptic 
Integrals,” Math. Ann., t. x11. (1877), pp. 143—146, [657]; but I here work it out 
directly. 


In the cubic transformation, the modular equation is 


ut — v + 2w (1 — wv?) = 0; 
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and we have 


giving 
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We thus have a case of complex multiplication if =u, or say v=yu, where 
y=1, or y denotes an eighth root of unity. Substituting in the modular equation, 
this becomes 

ut (1 — yt) + 2yu? (1 — yut) = 0, 
or, throwing out the factor u? and reducing, 


ue — Luly! =) ate 0; 
that is, 
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or, what is the same thing, 
=f {yt — 1 + Vl4y + 2}. 


We have y°=1, that is, yt=+1. Considering first the case y‘=1, here 


2 
— = 41, 
7 
and thence 
3 2 
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v y 
moreover, uw3=v8=1. We have thus only the non-elliptic formulæ 
Ee = ued , Satisfied by y=—a, 
and 
dy _ 3de MENGENE 3x + x 
TE 1a” a ey 
If however, y= -— 1, then 
2 eee ee 
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viz. this is 
u? 2 


if œ be an imaginary cube root of unity (o?+o+1=0); hence 


u = (yo)! = — o. 
Moreover, 
9 3 2 
Pete pi ee =1+ 2a, 
v a 
or say, 


=w- o, [=V-3, if o=4(—-147/3)]; 
and we thus have, as in the above-mentioned Note, 


i ech aaia 
~ 1? (@ — @?) a’ 


giving 
dy TUE (@ — o°) dæ ) 
V1-y.ltoy NVI— a.I Ho 
or, what is the same thing, for the modulus 4? = — w, we have 


(@ — w*) sn 8 + w sn’ 0 | 
1 — œ (w — œ’) sn? 6 ” 


sn (w — w°) 0 = 


the values of cn (wœw— w°) and dn (w— w°) 0 are thence found to be 


cn (1 — w° sn? 0) . 


ii fem aa heh E E w?) sn? 0’ 


and 
dna (l tats h) , 
1 — œ? (w — w°) sn? 0’ 


which are the formulæ of transformation for the elliptic functions. 


dn (w — w°) 0 = 
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